We focus upon the raison d'être of the α-chain states on the basis of the fully microscopic framework, where the Pauli principle among all the nucleons is fully taken into account. Our purpose is to find out the limiting number of α clusters, on which the linear α-cluster state can stably exist. How many α clusters can stably make an α-chain state? We examine the properties of equally separated α clusters on a straight line and compare its stability with that on a circle. We also confirm its stability in terms of break-up and binary disintegrations including α-decay and fission modes. For the effective nucleon-nucleon interaction, we employ the F1 force, which has finite-range three-body terms and guarantees overall saturation properties of nuclei. This interaction also gives reasonable binding energy and size of the α particle and the α-α scattering phase shift. The result astonishes us because we can point out a possible existence of α-chain states with vast numbers of α clusters.
There has been a long history of the theoretical and experimental studies on the α-chain state. More than half century ago, Morinaga, who was an experimentalist, pointed out that the second 0 + state of 12 C just above the three-α threshold energy was a possible candidate of it, and now the state is regarded as the α-gas state [1, 2] . Since there is no stable nucleus with the mass number of five or eight, formation of 12 C from three 4 He nuclei (α clusters) is a key process of the nucleosynthesis. Here, the second 0 + state at E x = 7.6542 MeV plays a crucial role, which is the second excited state of 12 C and located just above the threshold energy to decay into three 4 He nuclei [3] . The Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function has been widely used for the studies of such state [4] . Nevertheless, another excited state was identified as the α-chain-like state [5] [6] [7] . Furthermore, the European group has suggested the possibility of four-α and six-α chain states [8, 9] . From the theoretical side, it has been discussed that giving angular momentum to the system or adding neutrons prevents the bending motion, which is the main decay path, and stabilizes the linear-chain configurations [10] [11] [12] [13] [14] [15] [16] [17] [18] .
We can easily imagine that, if much longer linear α-chain exists, it could be more stable than the other shape of aggregates with the same number of α particles due to the weaker Coulomb repulsion. We examine the stability of longer linear chain state in terms of two kinds of resistances with a microscopic framework; the resistance against the complete break-up to nα particles and that against binary disintegrations to {mα, (n − m)α}, where n and m are integer numbers. We have been enchanted by the simple beauty of α-chain state. In other words, we strongly want to know one of the various facets of α-particle aggregation.
The aim of this report is to clarify the importance of the Pauli principle as well as the Coulomb interaction. For this purpose, it could be a necessary condition to remove the ambiguity of the inter-nucleon force by adopting the most reliable one suitable for the many α-cluster aggregate. We need the effective inter-nucleon force without any adjustable parameter; having adjustable parameter prevents us from comprehensively understanding the number dependence of the α clusters. The following conditions must be satisfied: (i) to guarantee overall saturation properties of nuclei, (ii) to naturally explain the binding energy and the size of the α particle, and (iii) to reproduce the phase shift of α-α elastic scattering. In short, we employ the effective interaction proposed by one of the authors (A.T.) a quarter century ago, which is called F1 force [19] ,
where the two-and the three-body forces (V (2) ij and V
ijk ) are written by the superposition of the Gaussian functions:
The force strengths, V (2) l and V
l , and Majorana exchange strengths, m Table I . The operator P σ ij (P τ ij ) is for the exchange for spin state (isosopin state) between i and j nucleons. The introduction of the three body force prevents the nuclear matter from a serious crush, and the finite-range effect gives the optimal size of the α particles close to the experimental data. The long range term expresses one pion exchange effect. [19] ). Now we prepare the most intuitive model space to analyze the behavior of α-chain state, which D. M. Brink has proposed a half-century ago [20] ; a parameter space of R introduced to describe the geometrical configurations of α clusters, which is called Brink-Bloch parameter space. This is a fully microscopic framework, which takes full account of the Pauli principle. The wave function for nα-clusters is written by
where A is the antisymmetrizer for all the nucleons, and the wave function of a single α-particle wave function is defined by
where b is the nucleon width parameter, and χ ij k is a spin isospin wave function, where superscripts i and j are labels for the spin and isospin. The vectors {r ij k } are the real coordinate for four nucleons in the kth α-cluster, which shares the common Gaussian center R k . In this report, we adopt b = 1.415 fm, which leads to the optimal binding energy of α particle; the quantity of 27.5 MeV is a little shallow but reasonable compared with the experimental data (28.3 MeV).
The energy quantities are obtained by defining the norm and energy kernels, Ψ|H|Ψ and Ψ|Ψ , where the Hamiltonian is written by
The first term is concerned with the kinetic energy, where M is the nucleon mass. The second one is the center of mass energy to be removed. The following two terms describe the effective inter-nucleon force mentioned before. The final term comes from the Coulomb energy. The adiabatic energy, E = Ψ|H|Ψ / Ψ|Ψ , is a function of the configuration of the α-clusters on the Brink-Bloch parameter space.
Firstly, we prepare two sets of α-cluster configurations, where equidistant α clusters are put on a straight line (called "linear") and on a circle (called "annular"). We can obtain the total energy with respect to the distance between the nearest neighbor α-clusters (d in ). In Fig. 1 , we show the energies for the cases of n = 10 and 15 α-clusters (n: number of α clusters). The horizontal axis is d in and the vertical axis is the binding energy per n, of which the origin is chosen for the nα break-up energy. We can point out:
1. All the energy curves have the energy pocket, which guarantees the stability of α-cluster chain state. In correspondence with the shallow energy pockets, there are hill-shaped barriers, where the Coulomb force plays an important role.
2. As for the case of 10 α-clusters, the annular configuration is more stable than the linear configuration, on the other hand, the linear one is more stable than the annular one for the case with 15 α-clusters. Therefore, the crossing point of the stability between two configurations exists between 10 and 15 α-clusters.
3. The positions of the energy pocket are almost independent of the two configuration sets. The points of the barrier have also the same feature; the property of the α-α system in the free space is preserved.
4. The long range parts behave like ∼ 1/d in due to the Coulomb force and show a gradual downward slope, which prevents the configurations from making a complete break-up of the α-cluster chain.
5. The energy pockets originate in synergetic effects of the attractive part of the inter-nucleon force and the Pauli principle of the total system, which works attractively. Inwardly, the Pauli principle works repulsively. This is well-known as the dual role of the Pauli principle [21] .
The general traits of the depth of the pocket and the heights of the barrier (per n) are shown in Fig. 2 , where n is increased up to 60. The general trends can be seen here, but to see more details, we list in Table II the energies of the first four cases and the last three cases when n is increased to 60 with the step of 5. Table II (a) corresponds to the case of linear α-cluster chain. The first column (n) is the number of α-clusters, the second column (d min ) means the value of d in at the energy pocket, the third column (E min ) is the minimum energy there, the fourth column (d max ) is the d in value at the hill-top, and the fifth column (E max ) is the barrier energy there. The final two columns are devoted to the depth of the pocket measured from the barrier and the deviation of the energy of the linear chain from that of the annular one. Table II (b) stands for the case of the annular chain of α-clusters. Two columns are added, which are those of the annular radii; Rd mim (Rd max ) corresponds to the radius of the energy pocket (hill-top). Beautiful systematics are shown as follows:
1. Both linear and annular configurations have the energy pocket up to 60 α-clusters. It could be imagined that such tendency maintains for vast numbers of α clusters. 2. The difference between the barrier height and energy pocket per n (E max − E min ) are converged to 4.2 MeV and 3.9 MeV for the linear (Table II (a)) and annular (Table II ( (1/k) ∼ log(n) + γ, where γ is Euler constant, 0.57721· · · . In other words, as far as the long α-cluster chain exists, the energy with respect to the number of the α clusters diverges as logarithmic behavior. The reason comes from the fact that the other energies except for the Coulomb energy, that is, the kinetic and the interaction energy originating in the nuclear force, are saturated as the number of α clusters increases.
5. The linear configuration becomes more stable than annular one beyond n = 12. The reason also comes from the fact that the reduction of the Coulomb energy works well for the linear configuration compared with the annular one.
We can point out that if the α-cluster chain is on various lines, such as linear, annular, and spiral lines, the linear configuration gives the lowest energy, as the number of the α clusters increases. The column E min (l) − E min (a) in Table II (a) shows the difference between the minimum energies of linear and annular chain states. Nevertheless, many kinds of long α-cluster chains can exist stably. We cannot find the limiting numbers of α-clusters for a complete break-up.
Secondly, let us scrutinize the stability of the linear α-cluster chain in terms of binary disintegration. In Fig. 3 , a schematic figure is shown. The n α-clusters are divided into two blocks, that is, one block with m α-clusters and the other with (n − m) α-clusters. The distance, d, between nearest neighbor α-clusters in the different blocks is a variable parameter to see the stability of the disintegration. The case with m = 1 is regarded as the mode corresponding to α-decay process, and the case with m ∼ n/2 (m = n/2 for even n, m = (n − 1)/2 for odd n) describes the symmetric fission. The inner distance of two α-clusters, d in , is taken as that leads to the minimum energy of linear nα-clusters. We show the energy curves for 15 α-clusters case in Fig. 4 curves corresponding to different m are depicted versus the distance d. Unlike Fig. 1, Fig. 2 , and Table II , where we discussed the total energy per n, from here we employ the total energy (not per n). The energy is measured from the pocket of the equidistant linear chain, and at d → ∞, the energy reaches an individual one depending on m. We can learn that all the energies for the binary disintegration have the energy minimum with the d value, which is close to the optimal d in value of the equidistant 15 α clusters on a straight line. Furthermore, we can verify that the minimum energies come to the energy of the pocket of the equidistant linear chain. This means that 15 α-cluster chain is stable against any binary disintegration. The maximum energy around d ∼ 6 fm is continuously changed depending on the number of m, and the α-decay mode seems to be more stable than the fission one, as the height decreases with increasing m. In detail, the optimal d value for the α-decay mode (m = 1) slightly deviates inwardly from the optimal d in value of the equidistant model. Therefore, the equidistant model should be a little modified, because the edge effect takes place, which stabilizes the chain-state.
Here we discuss the quanta of the harmonic oscillator, N . The lowest allowed quanta are the ones obtained at the zero distance limit between the α clusters (d in → 0), shown in the column N min of Table II (a). It is seen that the N min value decreases, when the linear chain state is separated to two blocks; N min is 420 for n = 15, and it decreases to 40 + 180 = 220 after separated into 5 α's and 10 α's (m = 5). In the n = 15 case, this decrease of N min is smallest (56) at m = 1 and largest (224) at m = 7. Indeed, the decrease of N min reaches the largest value in the case of symmetric fission, which is related to the decrease of the peak energy around d ∼ 6 fm in Fig. 4 with increasing m.
Focusing the α-decay mode (m = 1) and the symmetric fission mode (m = n/2), we show in Fig. 5 height, which is the height of the local peak around d ∼ 6 fm, with respect to the number of α clusters; the bold line stands for the α-decay mode and the dotted one is for the fission mode. The α-decay mode reveals almost the same height through all the number of α clusters, but the fission mode looks like an exponential decrease. Therefore, the fission mode is more fragile than α-decay mode, and adding external forces may strongly affect the stability of α-cluster chain. The physical quantities for the binary disintegrations are summarized in Table III , (a): the linear α-cluster chain (b): the annular α-cluster chain. Here, d min is the d value for the energy pocket, E min is the minimum energy there, d max is the d value for the local peak, and E max is the perk energy there. The final column (E inf ) is the total energy when two blocks are separated into two independent systems as d → ∞.
Let us summarize the energy properties of α-chain states. As the first stage, we examined the adiabatic energy curves with respect to two kinds of distances on the Brink-Bloch parameter space within the microscopic framework. The Pauli principle and the exact treatment of the Coulomb force are certainly important for understanding the energy properties, which have been completely taken into account. Furthermore, the most appropriate effective inter-nucleon force, which can reproduce overall saturation property of nuclei and the experimental data of the α-α elastic scattering, has to be adopted, and here we introduced the F1 force.
As for the α-cluster chain with equidistant distribution, the nearest neighbor distance is a suitable measure for the instant break-up of the chain. In this respect, we pointed out that the α-cluster chain is always stable against the complete break-up. This is because each term of the Hamiltonian, except for the Coulomb energy, is saturated with increasing number of the α-clusters if the expectation value is divided by the number. Nevertheless, the effect of the Coulomb energy is too weak to break the chain, and the optimal α-α distance stays the value almost the same as the free α-α system. As for the disintegration into two blocks of the linear chain, we examined the stability with respect to the distance between the edges of the two blocks. We can learn that once α-cluster linear chain is formed, it is surrounded by a long-tail wall owing to the Coulomb force between two blocks. The Pauli principle works attractively inward in the barrier. These effects stabilize the linear chain states and prevent the break-up.
In this report, we did not mention the bending motion of the chain, which is the deviation from the onedimensional configuration, but we already verified the stability of the linear chain of α-clusters against it. In view of the reduction of the Coulomb energy, the linear chain always remains unchanged, and the reduction of the Coulomb energy is quite important as the number of α clusters increases. Unfortunately, we do not know any appropriate effective inter-nucleon force to study the overall trends of α-cluster aggregate except for F1 force. We have estimated the energy property of the α-chain state using the Brink-Boeker force [22] , which also do not contain adjustable parameters. Quantitative energy obtained is different from each other, but the tendency of the chain state is not so changed comparing with that of the F1 force. We will report detailed results on the dependence of the effective inter-nucleon force elsewhere.
We imagine that various kinds of α-cluster chain float in the space, above all the linear chain, possibly exists. The chain could be plausibly disintegrated by the fission mode when an external force acts on it.
